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SUMMARY 
Augmented Fourier  polynomials, i n  which constant  and l i n e a r  terms 
have been added t o  a complex Fourier s e r i e s ,  appear t o  o f f e r  a means 
f o r  represent ing the  v e r t i c a l  p r o f i l e  of the  hor izonta l  wind ve loc i ty .  
Reasons f o r  s e l e c t i n g  t h i s  funct ion,  and methods of its computation 
and appl ica t ion ,  a r e  given. Polynomial coe f f i c i en t s  a r e  presented f o r  
mean monthly winds over Cape Kennedy, F lor ida ,  and f o r  four  consecutive 
soundings over Montgomery, Alabama. 
1. In t roduct ion  
Mathematical r ep resen ta t ion  of the  v e r t i c a l  p r o f i l e  of wind is 
des i r ab le  f o r  many purposes, and e s s e n t i a l  f o r  the  r igorous comparison 
of p r o f i l e s  and the  p red ic t ion  of p r o f i l e s  by s t a t i s t i c a l  regress ion  
techniques. Because wind i s  a two-dimensional vec to r  (neglecting the  
v e r t i c a l  component, which i s  a t  l e a s t  a n  order  of magnitude smaller 
than the  hor izonta l  components), the  v e r t i c a l  p r o f i l e  of the instan-  
taneous wind is  a curve i n  three-dimensional space. The graphical  and 
a n a l y t i c a l  d i f f i c u l t i e s  i n  descr ibing such a curve have thus f a r  pre- 
vented any systematic  desc r ip t ion  of complete wind p r o f i l e s .  In  t h i s  
r e p o r t ,  var ious poss ib le  methods of r ep resen ta t ion  a r e  explored, and 
one of them,  using complex Fourier  s e r i e s ,  is developed i n  d e t a i l .  
Appl icat ion of the  method, and i t s  evaluat ion,  w i l l  be the subjec ts  of 
f u t u r e  repor t s .  
Notation has been chosen ca re fu l ly  f o r  consistency and c l a r i t y .  
The wind speed toward the  e a s t  is denoted by x, t h a t  toward the  nor th  
by y. 
va lue  of the  r e s u l t a n t  i s  z: 
Their vec to r  r e s u l t a n t  is ca l led  2, and the modulus o r  absolu te  
The d i r e c t i o n  of t h i s  r e s u l t a n t ,  i n  degrees clockwise from north,  
i s  
X 
z z 
e = a rc  s i n  - = a r c  cos Y . 
This double d e f i n i t i o n  e l imina tes  the ambiguity of s ign  inherent  i n  a 
d e f i n i t i o n  based on a r c  t an  y/x. The meteorological convention f o r  
angles ,  used a l s o  i n  surveying and navigat ion,  d i f f e r s  from the mathe- 
mat ica l  p rac t i ce ,  i n  which angles  a r e  measured counterclockwise from 
the x-axis ( e a s t  i n  meteorological p rac t i ce ) .  For the mathematical 
development, therefore ,  the d i r e c t i o n  i s  designated a s  
X r[ gi = - - 8 = a r c  s i n  = a r c  cos - 2 z z y  (1 .3)  
and hence measured counterclockwise from e a s t .  
Al te rna t ive  t o  the Cartesian (x, y ) ,  po lar  ( z ,  e ) ,  and vec to r  ( z )  - 
representa t ions  of a wind vec tor  i s  i t s  r ep resen ta t ion  as  a complex 
v a r i a b l e ,  5 :  
f = ~ = x + i y = z e  irzr . (1.4) 
To reduce the number of subsc r ip t s ,  a second wind vec to r  w i l l  be  
denoted as (u, v) ,  (w, q ) ,  2, o r  q = w exp ( i e ) .  Height upward from 
the  ground w i l l  be designated as h,  atmospheric dens i ty  as  q,  t r u e  
co r re l a t ion  as p and i t s  sample  estimate as r ,  t r u e  var iance  a s  o2 and 
i t s  sample es t imate  a s  s2, and g rav i ty  as g. 
The complex conjugate of a complex number w i l l  be  denoted by an 
a s t e r i s k :  
(1 5) 
c * = x - i y = z e  - i g  . 
Therefore,  t he  rea l  and imaginary p a r t s  of  t he  complex number f a r e  
Other no ta t ion  w i l l  be i d e n t i f i e d  when used. 
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2. Representations 
Because a wind p r o f i l e  is a curve i n  three-dimensional space, i ts  
graphica l  r ep resen ta t ion  on two-dimensional 
of one dimension. 
years,  each wi th  some advantages and many disadvantages. 
methods, i l l u s t r a t e d  i n  Figure 1 with mean January winds f o r  Cape 
Kennedy, F lor ida ,  are 
paper r e q u i r e s  e l imina t ion  
Various graphica l  methods have been used f o r  many 
The four b a s i c  
a. each component, separately,  vs he ight  
b. speed and d i r e c t i o n ,  separately,  v s  he igh t  
c. v e l o c i t y  hodograph 
d. p o s i t i o n  hodograph. 
The f i r s t  two methods r e q u i r e  mental add i t ion  of va lues  from the 
two l i n e s  t o  g ive  a p i c t u r e  of t he  ac tua l  wind vec tor  and i t s  changes. 
This d i f f i c u l t y  i s  eliminated i n  the hodographs, i n  which the  v e r t i c a l  
dimension (or time) i s  ind ica ted  only by  successive po in t s  along t h e  
path. 
A hodograph is a curve connecting the  end-points of successive 
vec to r s  drawn from a common o r ig in .  The vec to r s  may be  successive i n  
he ight ,  t o  represent  the wind p r o f i l e ,  o r  i n  time, t o  show t h e  t i m e  
v a r i a t i o n  of wind. The former app l i ca t ion  i s  used here ,  bu t  t he  mathe- 
ma t i ca l  formulation is  equal ly  appl icable  t o  the time s e r i e s  case. The 
v e c t o r s  may represent  the ac tua l  wind v e l o c i t y  a t  each level, o r  they 
may r ep resen t  t he  i n t e g r a l  of - t h e  ve loc i ty ,  which g ives  the  pos i t i on  of 
an o b j e c t ,  such a s  a balloon, r i s i n g  wi th  constant speed through the wind 
f i e l d .  The usual plott ing-board representa t ion  of a p i l o t  bal loon t r a -  
j e c t o r y  i s  a pos i t i on  hodograph of the v e r t i c a l  wind p r o f i l e ,  while t he  
s i m i l a r i t y  t r a j e c t o r y  of a cons tan t - leve l  bal loon is a p o s i t i o n  hodo- 
graph of t h e  time v a r i a t i o n  of wind. 
pared from wind v e l o c i t y  information by p l o t t i n g  the  successive vec to r s  
a d d i t i v e l y  r a t h e r  than from a common o r ig in .  
A pos i t i on  hodograph can be pre-  
Hodographs appear more s u i t a b l e  f o r  mathematical r ep resen ta t ion  
of t h e  v e r t i c a l  wind p r o f i l e  than separa te  r ep resen ta t ions  by components, 
o r  by speed and d i r ec t ion .  But choice between the two hodographs, veloc- 
i t y  and pos i t i on ,  i s  more d i f f i c u l t .  Fortunately,  t he  computational 
procedures of f i t t i n g  a func t ion  t o  observations a r e  the  same f o r  e i t h e r  
type of hodograph, s ince  t h e  purpose i s  merely t o  ob ta in  an a n a l y t i c  
func t ion  descr ib ing  the  curve. 
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When pos i t ions  a c t u a l l y  are measured (as i n  most meteorological 
obsemations using balloons,  r i s i n g  or f a l l i n g ) ,  the  pos i t i on  hodograph 
should be f i t t e d .  One d i f f e r e n t i a t i o n  of the  f i t t e d  funct ion then w i l l  
g ive the v e l o c i t y  hodograph funct ion,  and a second d i f f e r e n t i a t i o n  the  
wind shear,  xhich is of considerable importance. 
wind information i s  obtained from f i n i t e  d i f f e rences  of bal loon pos i t ions ,  
and shears  f r m  f i n i t e  d i f fe rences  of these computed v e l o c i t i e s ,  %.e., by 
smoothed second d i f fe rences  of the  bas ic  observations.  
Actually,  most rou t ine  
When wind v e l o c i t i e s  a r e  obtained d i r e c t l y ,  a s  by sound ranging, t he  
One d i f f e r e n t i a t i o n  then w i l l  y i e l d  v e l o c i t y  hodograph should be f i t t e d .  
shears ,  while i n t eg ra t ion  gives  the pos i t ions  t o  which they apply. Such 
pos i t i ona l  informatton i s  needed f o r  s tud ie s  of t he  t r a j e c t o r i e s  of f a l l i n g  
o r  suspended objec ts ,  such a s  rad ioac t ive  f a l l o u t  o r  tox ic  po l lu t an t s .  
Any mathematical funct ion used to  approximate a hodograph must be 
continuous and have continuous f i r s t  and second der iva t ives .  Since the 
hodograph i s  a vector-valued funct ion - z(h) of a s c a l a r  argument, h, i n  
pract ice ,  r ep resen ta t ion  by components is more convenient. Compactness 
of r ep resen ta t ion  and r e l a t i v e  ease of manipulation make the complex 
f om,  
s u i t e d  f o r  an at tempt  a t  developing an expression f o r  - z ( h ) .  
3. Functions 
Se lec t ion  of a mathematical funct ion t o  approximate the  v e r t i c a l  
wind p r o f i l e ,  as represented by i t s  pos i t i on  o r  ve loc i ty  hodograph, must 
be based l a r g e l y  on convenience and general  s u i t a b i l i t y ,  including pos- 
s e s s ion  of continuous der iva t ives .  Meteorological theory and hydrodynamic 
theory a r e  as y e t  inadequate t o  provide a d e f i n i t i v e  func t iona l  form, 
except f o r  c e r t a i n  he ight  ranges. 
I n  the lowermost ten  meters of the  atmosphere, a i r  flow increases  
wi th  he igh t  without mater ia l  change i n  d i r e c t i o n  (Hess, 1959) [2 ] .  When 
the  temperature lapse  r a t e  is neut ra l ,  the  logari thmic wind p r o f i l e  
appears t o  f i t  ava i l ab le  observations: 
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where 7 i s  the  eddy stress,  q the densi ty ,  k von Karman's constant ,  and 
ho a "roughness parameter." 
exponential  p r o f i l e  seems more appropriate:  
When the  lapse r a t e  i s  not n e u t r a l ,  an 
z = zl(h/hl)m ( 3 . 2 )  
where z1 i s  the wind speed a t  he igh t  h, (usual ly  a few cent imeters)  and 
m i s  a pos i t i ve  exponent less  than uni ty .  A gene ra l i za t ion ,  f o r  v a r i a b l e  
lapse  r a t e s ,  i s  offered by the Deacon p r o f i l e :  
( 3 . 3 )  
For several  hundred meters above t h i s  boundary l aye r ,  wind increases  
i n  speed with he ight ,  and turns  clockwise, i n  the northern hemisphere, 
gene ra l ly  according t o  the Ekman s p i r a l .  A t  about the 10-meter l e v e l ,  
the  wind i s  d i r ec t ed  toward the l e f t  of the  geostrophic  wind, which blows 
along the  i sobars  a t  1 km or  higher .  
t h i s  s p i r a l  o r  f r i c t i o n  layer  i s  
The wind vec tor  a t  he ight  h i n  
i g  - .-ah e i(ah-@) 
( 3 . 4 )  
Here zg i s  the  magnitude of the geostrophic  wind, blowing a t  an angle  $3 
( i n  mathematical notat ion)  t o  the p o s i t i v e  x-axis ,  and a i s  a func t ion  
of dens i ty ,  Cor io l i s  force ,  and eddy v i s c o s i t y .  Actual winds do fol low 
t h i s  Ekman s p i r a l  when the upper wind flow i s  s t r a i g h t  o r  only s l i g h t l y  
curved, and the lowermost ki lometer  of a i r  has no apprec iab le  ho r i zon ta l  
g rad ien t s  of temperature. 
Above the s p i r a l  l aye r ,  wind speed gene ra l ly  increases  wi th  he igh t  
Often the increase  i n  speed wi th  he igh t  
up t o  t he  l eve l  of maximum wind, which usua l ly  occurs s l i g h t l y  below 
the tropopause a t  10 to  1 2  la. 
i s  a t  about the same r a t e  as the decrease of d e n s i t y  wi th  he igh t ,  so 
t h a t  between 5 and 10 km "Egnel l ' s  l aw"  s t a t e s  t h a t  the momentum i s  con- 
s t a n t .  A j u s t i f i c a t i o n  of t h i s  empir ical  r u l e ,  deduced from cloud and 
p i l o t  bal loon observations 70 years  ago by Clayton i n  Massachusetts and 
Egnell  i n  France, was of fe red  by Humphreys (1929, pp.  135-136) [ l ] .  
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Above the maximum wind layer ,  wind speed decreases with he igh t  t o  
a minimum, on the average, at 22 t o  25 la, but  no l a w  or  r u l e  descr ib ing  
t h i s  decrease , or  the  accompanying change i n  d i r ec t ion ,  has y e t  appeared. 
Thus, while some t h e o r e t i c a l  formulations a r e  ava i l ab le  f o r  wlnd behavior 
i n  the boundary and s p i r a l  l ayers ,  a few guide l ines  can be found f o r  the 
form of a funct ion t o  descr ibe the wind p r o f i l e  above 1 km. 
4. Ser i e s  
I n  the absence of any theory on which t o  base a funct ional  forTn f o r  
wind p r o f i l e  desc r ip t ion ,  some empirical  func t ion  must be chosen. Logical 
candidates f o r  t h i s  purpose a r e  polynomials. The wind vector  2 = (x, y) 
could be represented as a funct ion of he ight ,  h, by two separa te  poly- 
nomials, one f o r  each component: 
m n 
= C a k h J  k 'h, n = 1 bk hk 
k= 0 k=O 
%,m 
(4.1) 
where m and n a r e  the numbers of terms required f o r  s a t i s f a c t o r y  f i t  o r  
agreement of the polynomial with the observations.  
determined by the  var iance (mean squared d i f fe rence)  of the  observat ions 
about the polynomials. 
respec t ive ly ,  sg and s?, and the  condi t ional  var iances  sEJm and Sy,n: 
Agreement would be 
The absolute  o r  unconditional var iances  a r e ,  
2 
and s i m i l a r l y  f o r  s2 and s; ,~.  
N, 
by use of an  m-term polynomial is 
(All summations a r e  f o r  h = 0, 1, 2, ..., 
and 'v = N + 1.7 The ex ten t  t o  which the  var iance  of x i s  reduced 
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O f  g r e a t e r  i n t e r e s t  than t h i s  absolu te  reduct ion i n  var iance  i s  the 
r e l a t i v e  reduct ion,  or squared co r re l a t ion  (sometimes ca l l ed  the coef- 
f i c i e n t  of determination):  
X 
( 4 . 4 )  
Similar  expressions y i e ld  the  absolu te  and r e l a t i v e  reduct ions i n  the  
var iance  of y. 
A s  more and more polynomial terms a r e  used, i . e . ,  a s  m and n 
increase ,  t he  var iance reduct ion increases  and the co r re l a t ions  approach 
one, a t t a i n i n g  t h i s  value f o r  m = v = n. But when r2 = . 9 ,  the  f i t  of 
the polynomial t o  the  observat ions is  considered adequate f o r  most pur- 
poses,  although i n  some cases  values  a s  high a s  .95 are  des i red .  
However, the var ious  terms of the polynomials may not be equal ly  
e f f e c t i v e  i n  reducing the var iance.  A higher power, such as a4h4, may 
be more e f f e c t i v e  than a lower one. Hence, the terms should be chosen 
not  i n  simple order ,  b u t  according t o  the amount of var iance  reduct ion  
t h a t  they provide. 
A more e f f i c i e n t  polynomial, i n  the sense of having fewer terms, 
would be formed from those terms, regard less  of t h e i r  exponents, pro- 
v id ing  the g r e a t e s t  reduct ion  i n  var iance ,  o r  h ighes t  co r re l a t ion .  The 
var ious  terms, akhk, should be arranged according t o  t h e i r  cont r ibu t ion  
t o  the  var iance reduct ion.  Coeff ic ien ts  ordered i n  t h i s  way may be 
denoted as a (k)h(k) ,  and the f i r s t  m of them w i l l  be considered t o  form 
the index s e t  M. 
In  t h i s  no ta t ion ,  the polynomial providing the  requi red  (e.g. , 90%) 
r e l a t i v e  reduction i n  var iance  i s  
h,N' and s imi l a r ly  f o r  y 
(4 .5 )  
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Such polynomials would provide su i t ab ly  e f f i c i e n t  procedures f o r  
represent ing  each of the components separa te ly .  But they o f f e r  no l i n k  
between the components; they do not apply to  t h e  wind vec to r  i t s e l f .  
When r e s u l t s  obtained by two such polynomials a r e  combined t o  provide 
es t imates  of the wind vec tor  a t  each l e v e l ,  excessive i n t e r l e v e l  shears  
could be ind ica ted .  Hence, they do not seem p a r t i c u l a r l y  s u i t e d  f o r  t he  
mathematical r ep resen ta t ion  of wind vec tors .  
The same objec t ions  apply t o  the f i t t i n g  of a complex v a r i a b l e  by 
a s i n g l e  power s e r i e s  with complex coe f f i c i en t s :  
These objec t ions  t o  expressing the wind components a s  polynomial 
func t ions  of he ight  apply r ega rd le s s  of the method of estimating the 
polynomial c o e f f i c i e n t s .  
g r e a t  advantage t h a t  they need not be recomputed a f t e r  s e l e c t i o n  of t he  
highest-order  term cont r ibu t ing  s i g n i f i c a n t l y  t o  the var iance  reduction, 
a r e  no b e t t e r  i n  these  r e spec t s  t h a n  simple power series. 
Orthogonal polynomials, while possessing t h e  
5. Four ie r  
Complex trigonometric polynomials (Fourier s e r i e s )  a r e  not sub jec t  
t o  t h e  same drawbacks as un iva r i a t e  polynomials, j u s t  discussed. The 
es t imat ion  of t he  c o e f f i c i e n t s  of each component ( i .e . ,  t he  real and 
imaginary p a r t s )  i s  based on both components of t he  observed wind, and 
hence such a complex s e r i e s  a c t u a l l y  es t imates  the  vec to r ,  o r  e n t i r e  
complex number, r a t h e r  than separa te  components. 
Four ie r  s e r i e s  o f t en  a r e  used t o  r ep resen t  func t ions  known t o  be 
pe r iod ic ,  b u t  a r e  not  r e s t r i c t e d  t o  such use. L i g h t h i l l  (1960) [3] 
dec la re s  (p.4) t h a t  a common app l i ca t ion  is " t o  r ep resen t  a function 
which is not  pe r iod ic ,  b u t  ins tead  is defined i n  the f i r s t  place only 
i n  a r e s t r i c t e d  in t e rva l , "  covering perhaps 30 km i n  the v e r t i c a l .  
Wind information usua l ly  i s  ava i l ab le  only f o r  a r e s t r i c t e d  i n t e r v a l .  
Descr ip t ion  of t he  time and space v a r i a t i o n s  i n  such a 30-km p r o f i l e  
may be  poss ib l e  through the f i t t i n g  of Fourier s e r i e s  o r  polynomials. 
Such polynomials, however, have no l i n e a r  terms. Since the wind 
o f t e n  increases r a t h e r  r e g u l a r l y  with he igh t ,  a t  l e a s t  over c e r t a i n  
h e i g h t  ranges,  a l i n e a r  term obviously is d e s i r a b l e  i n  any expression 
f o r  t h e  v e r t i c a l  wind p r o f i l e .  This can be provided by def in ing  a plane 
about  which the  a c t u a l  wind observations vary,  and then describing such 
9 
var i a t ions  by Fourier  polynomials. The required plane is defined by 
two in t e r sec t ing  s t r a i g h t  l i n e s ,  i n  the v e r t i c a l  x, h and y, h planes,  
respec t ive ly ,  t h a t  represent  the individual  wind components. 
The o r ig ina l  observations of the wind a t  l eve l  h,  
may be expressed i n  terms of the  l eas t  squares l i n e a r  t rends  as 
Sh = cz + dooh + x. 
The departure  
h = u  + i v  ?h h 
i s  given by 
The l i n e a r  c o e f f i c i e n t s  - reasons f o r  the double zero subsc r ip t s  w i l l  be 
apparent  l a t e r  - a r e  
, b  = 
00 
a =  
00 
v (h - L)' v y  (h - GI2 
L 
( 5 . 4 )  
L 
The constant terms are  
- - 
c = ; - a  h,  c = y - booh. 
X 00 Y 
(5.5) 
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Thus , t,=e v a r i a t i o n s  o 
a r e  
the  wind vector about the l e a s t  squares plane 
where do, = aoo + i boo is obtained from (5.4). 
Fourier polynomials descr ib ing  qh a r e  
(5.6) 
The complex c o e f f i c i e n t s  d j  = a j  + i be a r e  estimated (a5 explained i n  J 
Appendix A, and discussed i n  t h e  next s ec t ion )  from the v va lues  of qh, 
obtained from the v observations of (h. 
of t h e  m terms cont r ibu t ing  most t o  the reduct ion  i n  var iance ,  a5 d i s -  
cussed i n  the previous s e c t i o n  f o r  un iva r i a t e  polynomials. 
Sumnation is Over the s e t  M 
Af te r  the { d j )  have been estimated and the s e t  M chosen, the 
r e s u l t i n g  Four ie r  polynomial can be augmented by t h e  constant and l i n e a r  
terms t o  provide a complete expression f o r  t he  a c t u a l  wind p r o f i l e :  
- 
(h - G) + d.  exp ( i h  jh) .  
(h,M = + J 
(5.8) 
Applicat ion of t h i s  expression f o r  the wind p r o f i l e  t o  ac tua l  wind 
observa t ions  i s  discussed i n  the  following sec t ions .  
6. P rope r t i e s  
Expansion of (5.7) shows t h a t  the es t imat ion  of each component 
of t he  wind vec to r  qhM and hence of ch,M, involves c o e f f i c i e n t s  from 
both t h e  r e a l  and imabinary p a r t s  of t he  polynomial: 
+ i (bj  cos h j h  + a j  s i n  A jh ) .  
ja 
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The l e a s t  squares es t imators  of the complex c o e f f i c i e n t s  d j  a r e ,  
as shown i n  Appendix A ,  
d = a + i b j  = $ )- -qh exp (- i h  jh )  
j j  
h= 0 
N N 
= 1. 1 (x cos A j h  + v s i n  A jh )  + i L 1 (vh cosA j h  - s i n  A jh ) .  
V h V 
h= 0 h=O 
That these es t imators  a c t u a l l y  minimize the sum of the squared depar- 
t u re s  of the  observat ions from the leas t - squares  regress ion  plane is  
shown i n  Appendix A. These squared depar tures  a r e  the  sums of the 
squared departures  of the two components; divided by v, the  t o t a l  
number of observat ions , they y i e ld  the condi t iona l  var iance  about the  
polynomial: 
N N 
A major purpose of t h i s  study i s  t o  determine the magnitude of 
the absolu te  reduct ion i n  var iance ,  rs: 7 0 6 ; ~  and the r e l a t i v e  reduc- 
t ion ,  r 2 . M  ( 4 . 4 ) ,  when a wind p r o f i l e ,  from which v observat ions a r e  
obta inea 'a t  equal height  i n t e r v a l s ,  i s  approximated by (5.8) f o r  m S 4 .  
I f  the  representa t ion  i s  adequate, ShiM may be evaluated f o r  any va lue  
of  h, not necessa r i ly  those equally-spaced va lues  a t  which Sh was 
observed. 
p r o f i l e  o r i g i n a l l y  described fo r  d i s c r e t e  po in t s  only.  
This would provide a continuous r ep resen ta t ion  of a wind 
I n  addi t ion ,  the func t ion  (5.8) can be d i f f e r e n t i a t e d  t o  provide 
a continuous r ep resen ta t ion  of the wind shear ,  a(h.M/i+.,. 
the (h may be the bal loon pos i t ions  a t  success ive  he igh t s ,  and d i f -  
f e r e n t i a t i o n  then w i l l  provide wind speeds a t  any he ight .  
A l t e rna t ive ly ,  
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Not only do the  coe f f i c i en t s  (d j ) ,  estimated by (6 .21,  minimize 
S$;M, but ,  a s  discussed i n  Appendix B y  they seem t o  be approximately 
orthogonal, al though the  prec ise  extent  of any s l i g h t  dependence 
between them is  s t i l l  t o  be determined. 
Orthogonality insures  t h a t  f o r  any s e t  {M) of c o e f f i c i e n t s ,  
t h a t  is ,  that the  cont r ibu t ion  of each term t o  the  t o t a l  var iance 
does no t  depend on w h a t  o ther  terms a r e  included i n  t h a t  t o t a l .  This 
des i r ab le  property has been assumed in  the  preliminary app l i ca t ions  of 
Fourier  polynomials t o  the  descr ip t ion  of wind p ro f i l e s .  
Orthogonality proper t ies  are increased when the  o r i g i n a l  observa- 
t i ons  shy expressed a s  departures  qh from the  least-squares  plane, a l l  
have the  same variance.  
pu ta t ions  of d j  by (6.2) should use Vh/"q;h, where o2 
TIh. 
a r e  the same. 
the  va lues  of i l h y  as j u s t  indicated.  
Thus, r a the r  than ?)h as defined by (5.6), com- 
is  the var iance 
Such var iances  should be used, when ava i l ab le ,  t o  a d j u s t  
Since ?)h is ,  by ( 5 . 6 ) ,  a l i n e a r  func t ion  of (h,Qeir var iances  
When the o r i g i n a l  observations ch = X h  + i yh a r e  means, a s  f o r  
a month or  season, var iances  a r e  ava i l ab le  f o r  such adjustment. But 
when they a r e  s i n g l e  observat ions, the proper choice of va lues  is  no t  
obvious. I n  the following sec t ions ,  examples a r e  given of p r o f i l e s  
computed from mean values  adjusted fo r  var iance,  and of p r o f i l e s  f i t t e d  
t o  ind iv idua l  s e t s  of observat ions without var iance adjustment. The 
p ropr i e ty  of t h i s  second procedure, although it seems t o  provide an 
adequate f i t ,  r equ i r e s  f u r t h e r  inves t iga t ion .  
Another t op ic  f o r  f u r t h e r  study is the  method of computing the 
plane about which the departures  are taken. The Fourier  poly- 
nomials may provide an even b e t t e r  approximation t o  the  observat ions 
i f  t h i s  t rend plane i s  constructed through the  mean po in t  so that the  
f i r s t  and l a s t  observations (lowest and h ighes t  wind observat ions)  a r e  
e q u i d i s t a n t  from it. 
13 
7. Applications 
Augmented Fourier  polynomials, as developed i n  the  preceding two 
sec t ions ,  were f i t t e d  t o  two s e t s  of wind da ta  t o  determine whether the 
method showed s u f f i c i e n t  promise t o  war ran t fu r the r  study and develop- 
ment. Resul ts  of such app l i ca t ion ,  presented i n  t h i s  s ec t ion ,  a r e  q u i t e  
encouraging. 
One s e t  of wind da ta  was composed of monthly mean winds, a t  1-km 
levels, over Cape Kennedy, F lor ida .  They a r e  based on 5 years  of observa- 
t ions  ( the  f i r s t  321 days were a t  nearby Pa t r i ck  A i r  Force Base), 1956- 
1961. Missing observations had been in t e rpo la t ed  before  averaging, so  
t h a t  sample s i z e s  were the same a t  a l l  l eve l s .  These da t a  were furnished 
by M r .  Orvel E. Smith of the Aero-Astrodynamics Laboratory, George C. 
Marshall Space F l igh t  Center, i n  advance of publ ica t ion .  
The other  s e t  w a s  made up of four consecutive observat ions,  a t  
6-hour i n t e r v a l s ,  over Montgomery, Alabama, on 9 January 1956. These 
were the  f i r s t  four  consecutive soundings, each reaching t o  a t  l eas t  
25 km, i n  an extensive compilation of winter  and summer soundings fu r -  
nished by the National Weather Records Center, U. s. Weather Bureau, a t  
M r .  Smith's request .  These soundings a l s o  contained da ta  on atmospheric 
densi ty ,  s o  t h a t  momentum dens i ty  a s  wel l  a s  wind speed could be f i t t e d  
by augmented Fourier polynomials. (Units of momentum dens i ty ,  the pro- 
duct  of wind speed and atmospheric dens i ty ,  a r e  dynes per  cubic  centimeter.)  
These two s e t s  of da ta  provided a t o t a l  of 20 "Soundings," each 
sounding being a s e t  of values  of (h f o r  successive va lues  of h. Of 
these,  1 2  were monthly means f o r  Cape Kennedy, four  w e r e  successive wind 
observations a t  Montgomery, and four were the corresponding momentum 
dens i ty  observations.  For each such "sounding," the  lowermost 2 km were 
ignored, because of poss ib le  f r i c t i o n  l aye r  e f f e c t s ,  as discussed i n  
Section 3, and only the  l e v e l s  from 2 t o  25 km, i nc lus ive ,  were used. 
I n  the nota t ion  a l ready  developed, ho = 2 km, h, = 3 km, ..., % = 25 km. 
Results of the f i t t i n g  of the augmented Four ie r  polynomials t o  these  
20 soundings a r e  given i n  Tables 1 and 2. 
terms, the  c o e f f i c i e n t s  a r e  presented i n  decreasing order  of the amount 
of var iance "explained" by them. 
ordered as d ( j  , a s  discussed i n  Sect ion 4. 
l i n e  of Table 1 ( for  January mean winds over Cape Kennedy), a ( l )  and 
b( l )  a r e ,  respec t ive ly ,  aZ3 and bZ3, so that  j = 23 is  used i n  the  t r i g o -  
nometric terms t h a t  they mult iply.  
Af t e r  t he  cons tan t  and l i n e a r  
That i s ,  the  c o e f f i c i e n t 6  d j  have been 
For example, i n  the f i r s t  
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Coeff ic ien ts  a r e  given i n  Tables 1 and 2 f o r  each wind component 
s epa ra t e ly ,  as  ind ica ted  i n  the formulas a t  the head of Table 2 ,  which 
a r e  based on (5.8) and (6.1). The two formulas may be combined i n t o  
one expression, i n  complex nota t ion .  Thus, the  mean January wind over 
Cape Kennedy may be w r i t t e n  as 
S 
= (2.61 + 0.126 i )  - (0.054 - 0.003 i) h (h,M 
- (0.575 - 0.014 i) cos 23n h/12 - (0.014 + 0.575 i) s i n  2311 h/12 
- (0.530 + 0.100 i) cos TC h/12 + (0.100 - 0.530 i) s i n  TC h/12 
+ (0.044 + 0.173 i) cos 2211 h/12 - (0.173 - 0.44 i) s i n  2211 h/12 
+ (0.043 - 0.140 i) cos 2 5  h/12 + (0.140 + 0.043 i) s i n  2x h/12. 
S 
The s u p e r s c r i p t  "s" i nd ica t e s  t h a t  t h e  va lues  of 5h M obtained from 
(7.1), and from Table 1 genera l ly ,  are f o r  "standardized' values.  
must be  mul t ip l i ed  by the  standard devia t ions  of the wind components f o r  
t h e  appropr i a t e  l e v e l  t o  g ive  va lues  approximating the  observed means. 
They 
For example, eva lua t ion  of (7.1) f o r  h = 10, i .e. ,  12 Ian, g ives  
2.41 + 0.226 i. When each of these  va lues  i s  mul t ip l i ed  by the  standard 
dev ia t ion  of t h e  corresponding wind component a t  1 2  km over Cape Kennedy 
i n  January, 16.04 and 14.24 m/sec, respec t ive ly ,  estimated wind speeds 
a r e  obtained which may be compared with the  observed means: 
Estimated = 38.66 y l o  = 3.22 
Observed 44.04 3.26. 
I n  Figure 2, f i v e  hodographs a re  shown f o r  the mean January winds 
over Cape Kennedy. I n  the upper panel, one hodograph dep ic t s  the a c t u a l  
means, i n  m e t e r s  p e r  second, while  a second one shows the e f f e c t  of 
d iv id ing  t h e  speed a t  each level by i ts  standard devia t ion ,  and expres- 
s ing t h e  r e s u l t  a s  a depar ture  from the  leas t - squares  plane. 
hodograph is centered a t  the o r i g i n ,  and is i n  u n i t s  much smaller than 
those  of t h e  o r i g i n a l  values. 
The "trend" 
The lower panel of Figure 2 shows three hodographs, computed by 
Four i e r  polynomials, not augmented, i.e., as v a r i a t i o n s  about the least- 
squares  plane. The "one-term" hodograph is a c i r c l e ,  represent ing  only 
t h e  j = 23 term, without  the preceding cons tan t  and l i n e a r  terms or  the  
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f i n a l  t h ree  terms. 
the j = 23 and j = 1 terms i n  (7.1), without  t h e  constant and l i n e a r  
terms o r  the f i n a l  two terms. 
r e s u l t s  of using a l l  terms of (7.1) except t h e  cons tan t  and l i n e a r .  
The "two-term" hodograph r ep resen t s  computation of 
The "four-tern" hodograph presents  
Shown a s  dots  i n  the lower panel of Figure 2 are the same po in t s ,  
f o r  each l-km level, as i n  the "trend removed" hodograph of a c t u a l  winds 
i n  t h e  upper panel. The t h i n  l i n e s  from these  do t s  t o  the "four-term" 
curve i n d i c a t e  t h e  ex ten t  of the vec tor  d i f f e r e n c e  between the  observed 
mean winds, a t  each level, and the values computed from (7.1). The sum 
of t h e  squares of t he  lengths  of these t h i n  l i n e s  is the S$,M of (6.3), 
f o r  M = 4. 
For the ind iv idua l  soundings over Montgomery, no es t imates  of wind 
Thus, 
var iance  a t  each level were r e a d i l y  ava i l ab le .  
assumed t o  have the same var iance ,  and no adjustments were made. 
the c o e f f i c i e n t s  i n  Table 2, when introduced i n t o  the  appropr ia te  formula, 
g ive  estimated winds d i r e c t l y  i n  meters per  second. 
The observed va lues  w e r e  
8. Discussion 
Under each p a i r  of c o e f f i c i e n t s  i n  Tables 1 and 2 are two a d d i t i o n a l  
e n t r i e s :  t he  va lue  of t h e  index j f o r  t he  p a i r ,  and the va lue  of r2, the  
re la t ive reduct ion  i n  var iance  (4 .4)  a t t a i n e d  by using t h a t  term, and a l l  
preceding ones, i n  t h e  augmented Fourier polynomial. 
For t h e  Cape Kennedy mean monthly wind p r o f i l e s ,  t he  constant and 
l i n e a r  terms a lone  reduce the variance by 80 percent i n  summer, but  
ha rd ly  a t  a l l  i n  November and December. Two add i t iona l  terms provide 
r2 of 85 percent o r  more i n  a l l  months, i nd ica t ing  t h a t  augmented 
Four ie r  polynomials of as few a s  four terms (m = 2) may provide descr ip-  
t i o n s  adequate f o r  some purposes. I n  nine of the months, term 23 pro- 
v ides  the g r e a t e s t  reduction i n  variance,  followed by term 1, while t h e  
same terms appear i n  reverse  order i n  the  o ther  three months. 
For a l l  four Montgomery 6-hourly soundings, term 1 con t r ibu te s  
most t o  the reduct ion  i n  var iance  f o r  both wind speed and momentum 
dens i ty .  But whereas term 23 is second most important f o r  wind speed, 
terms 2 (once) and 22 ( t h r i c e )  have t h i s  r o l e  f o r  momentum dens i ty .  
Values of r2 f o r  momentum dens i ty  a r e  c o n s i s t e n t l y  higher than f o r  wind 
speed alone. Most of t h i s  d i f f e rence  a r i s e s  i n  the constant and l i n e a r  
terms, f o r  which r2 i s  between 75 and 86 percent  f o r  momentum dens i ty ,  
bu t  only from 39 t o  44 percent f o r  wind speed. This may be a r e f l e c t i o n  
of "Egnell 's  law,"  ou t l ined  i n  Section 3, and r equ i r e s  f u r t h e r  study. 
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The ex ten t  t o  which these r e s u l t s  depend on the p a r t i c u l a r  he ight  
i n t e r v a l  chosen a l s o  requi res  add i t iona l  inves t iga t ion .  The s t ronges t  
wind speeds in  a l l  the soundings a r e  near the middle of the  2 t o  26 
km i n t e r v a l  s tud ied ,  which may explain the cons i s t en t  appearance of 
term 1 a s  cont r ibu t ing  s i g n i f i c a n t l y  t o  the r e l a t i v e  reduct ion  i n  
var iance.  Similar ly ,  the importance of term 23 may ind ica t e  excessive 
leve l - to- leve l  v a r i a b i l i t y ,  perhaps a c t u a l  bu t  a l s o  possibly a r i s i n g  from 
observat ional  e r r o r s  and computational procedures i n  the' compilation of 
wind inf  orma t ion. 
These and other  considerat ions ind ica t e  t h a t  the most f r u i t f u l  
app l i ca t ion  of augmented Fourier  polynomials t o  wind p r o f i l e  desc r ip t ion  
may be t h e i r  use to  descr ibe  the pos i t i on  hodograph, a s  obtained d i r e c t l y  
from a balloon or o ther  i nd ica to r ,  and the subsequent d i f f e r e n t i a t i o n  of 
the  polynomial t o  provide wind speeds. This may provide considerable  
improvement over the present  method employing successive f i n i t e  d i f -  
ferences,  and may give g r e a t e r  d e t a i l  of the wind p r o f i l e  and of i t s  
der iva t ive ,  the wind shear.  
Other top ics  f o r  f u r t h e r  study a r e  s t a t i s t i c a l  t e s t s  fo r  the s i m i -  
l a r i t y  or  d i f fe rences  of two wind p r o f i l e s ,  leading t o  c r i t e r i a  f o r  t h e i r  
combination. For example, a r e  January and February wind p r o f i l e s  over 
Cape Kennedy s u f f i c i e n t l y  s imi l a r  t h a t  a combined win ter  p r o f i l e  des- 
c r ibes  them adequately? Also requi r ing  study a r e  procedures f o r  pre- 
d i c t i n g  one p r o f i l e  from another ,  a s  in  the case of the 6-hourly soundings 
over Montgomery. 
Despite the need f o r  these var ious  extensions of the  s tudy,  and 
f u r t h e r  e labora t ion  of the technique, the  work repor ted  here  shows t h a t  
mathematical desc r ip t ion  of an e n t i r e  wind p r o f i l e ,  e i t h e r  means or  
"instantaneous," can be a t t a i n e d  with acceptab le  prec is ion  by the  use 
of augmented Fourier polynomials. 
18 
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APPENDIX A 
ESTIMATION OF COEFFICIENTS 
Complex coeffici 'ents d j  = + i b j ,  f o r  j = 0, 1, ..., N, a r e  t o  
be estimated from a s e t  of v = a& + 1 complex numbers 
mize the  sum of the  squared d i f fe rences  





f o r  each index s e t  M containing 1 S m 5 v elements, when the est imators  xiM a r e  obtained from 
%;M = 1 d j  exp ( i h  j h ) ,  h = 25ilv. 
j* 
The v numbers (q ) are assumed t o  r ep resen t  values  o r  observations 
a t  v equal i n t e r v a l s  k = 0, 1, ..., N. These may be i n t e r v a l s  of time 
o r  space; i n  the  s p e c i f i c  appl icat ions t o  be made here ,  they a r e  equal 
i n t e r v a l s  of height ,  and the  numbers (T&)  represent  wind vec tors  a t  suc- 
cess ive  l eve l s  i n  the  atmosphere. These vec to r s  a r e  expressed a s  depar- 
t u re s  from a plane of b e s t  f i t ,  i n  the  sense of minimizing var iance,  t o  
the  b a s i c  data;  t h a t  is ,  any l i n e a r  t rend with he ight  has been removed. 
For each value of h 
(A-3) 
* The a s t e r i s k ,  *, denotes the  complex conjugate. 
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* because vhqh = )qhI2 = WE, i n  the no ta t ion  of Section 1. 
exp [ i h  h ( j  - k ) ]  = 1 when j = k, the second term becomes 
Since 
=I Idj] '  + 1 I d .  d i  e i h  h ( j -k )  
J 
ja j # k  
04-41 
Expression of qh exp (- i h  jh)  as %j  + ihj permits  the  f i n a l  
term i n  (A-3) t o  be w r i t t e n  as 
(A- 5) 
Since Id j \ '  = a: + b? J and C exp [ i h  h ( j  - k)] = 0, t he  sum of 
squares (A-1) t o  be minimlzed becomes 
F F  - 2 L L ( a .  q.,. + b j  hj>. 
J J  
h=O j&l 
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The usual minimization procedures give,  f o r  each va lue  of j ,  
(A-7) 
N S2 
S = 2 v b  ab 
j - 2 1 fjj. 
h=O 





For computation, t h e  r e a l  and imaginary p a r t s  are evaluated separa te ly :  
.N 




b = [vh cos (A jh)  - % s i n  (A j h ) ] .  
j v  
h=O 
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I n  polar  coordinates ,  
(A-11) 
N 
b ='I w s i n  (eh - A j h ) .  j v  h 
h=O 
Use i n  (A-2) of any s e t  of m of these va lues  f o r  d .  = a j  + i b j  
w i l l  insure  t h a t  the  r e s u l t i n g  est imator ,  I')h;M, when ingroduced i n t o  
( A - l ) ,  w i l l  minimize the  sum of squares S";M. 
the  sum (polynomial) has as many terms as the  o r i g i n a l  observations,  
S 2 . ~  = 0. 
w i l l  depend on the  exact composition of the  s e t  M. 
computed f o r  each of the v sets M i n  which m = I, i .e.,  f o r  one term 
only, and f o r  t he  v(v + 1) /2  sets of two terms each, and so  on, t o  f i n d  
the  combination giving an acceptably small S ~ ; M  from the  smallest s e t  M. 
When m = v, i .e.,  when 
For smaller sets, i.e., f o r  m < v, the  sum of squares S;;M 
can be  
7 
3 Thus, S2 
I') ;M 
However, when the  coe f f i c i en t s  { d j )  are orthogonal,  i n  the s t a t i s t i c a l  
sense,  the cont r ibu t ion  of each i s  independent of t h a t  of the o the r s ,  and 
(A- 12) 
Then, S c ; j  can be computed f o r  each orthogonal d .  and ranked i n  descend- 
ing order  t o  determine the  minimum se t  M f o r  whigh s ; ; ~  3s acceptably 
small. The ex ten t  t o  which the c o e f f i c i e n t s  ( d . ) ,  es t imated by (A-9), 




Two d i f f e r e n t  kinds of or thogonal i ty  a r e  involved in  the develop- 
ment of complex Fourier polynomials fo r  the respresenta t ion  of wind 
p r o f i l e s .  One kind is t h a t  of the  s e r i e s  of orthogonal polynomials 
used t o  represent  a sounding. In  such representa t ion ,  func t iona l  ortho- 
gonal i t y  requi res  that 
i h  jhe  i h  kh c e  j = k  j = k. 
Use of such a system of orthogonal funct ions permits judgement of 
tlis adequacy of the  representa t ion  in  terms of the  sum of the squares of 
i-he coe f f i c i en t s .  
Ie i r i ises  betiisen the polynomial representa t ion  and the  funct ion being 
f i t t e d ,  a f t e r  removal of l i n e a r  trend. When orthogonal functions a r e  
used, a smaller  number of terms can be se l ec t ed  without recomputation 
of c o e f f i c i e n t s  . 
This summeasures the  sum of the  squares of the d i f -  
Another kind of or thogonal i ty  appears when a sounding is viewed 
a s  a c o l l e c t i o n  of random var iab les .  
Fourier  representa t ion  (5.7) a r e  a l s o  random va r i ab le s ,  s ince  they a r e  
l i n e a r  combinations of t he  o r i g i n a l  random va r i ab le s  (6.2). Orthogonality 
of the  system of coe f f i c i en t s  { d j )  is tantamount t o  t h e i r  being uncor- 
r e l a t e d .  Uncorrelated Gaussian random va r i ab le s  a r e  s t a t i s t i c a l l y  
independent - a very highly des i rab le  property i n  computing p robab i l i t y  
s ta tements .  The bas i c  physical  quan t i t i e s ,  i . e . ,  bal loon displacements 
o r  wind speeds, expressed i n  Cartesian coordinates ,  a r e  usua l ly  assumed 
t o  be approximately Gaussian. 
combinations of them, a l s o  should be approximately Gaussian, e spec ia l ly  
because of c e n t r a l  l i m i t  e f f e c t s .  
Then the  coe f f i c i en t s  {d j )  i n  the  
Hence the  c o e f f i c i e n t s  {d j ) ,  being l i n e a r  
OxSiogouziliC3 of the [ d j  > is almost inpossible  t o  e s t a b l i s h  unless  
the {.lh> dst: secoiid-order s t a t iona ry  with a r e d  covariance funct ion.  
The need f o r  second-order s t a t i o n a r i t y ,  t h a t  i s ,  t h a t  the covariance of 
(qh, vj) depend only on the d i f fe rence  Ih - j l ,  appears i n  the  evalua- 
t i o n  of the  expression f o r  the  variances of the  individual  d . .  When the  
expectat ions of the {qh), and hence of the  {d j ) ,  a r e  zero,  t i e  var iance 
of each d j  is given by 
N N  
n n  
h=O j=O 
* The a s t e r i s k ,  *, denotes the complex conjugate. 
(B- 1) 
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This involves the covariance of the observed va lues ,  o r  t h e i r  depar tures  
from the plane,  which i n  tu rn  depends on the c o r r e l a t i o n  ( r )  between the  
two components: 
E(q h a  = E[ (%Uj + "hVj) + i(ujvh - %Vj) ]  
(B-2) 
Second-order s t a t i o n a r i t y  r equ i r e s  t h a t  these c o r r e l a t i o n s  depend, 
f o r  each v a r i a b l e  u o r  v ,  and for  any sepa ra t ion  h - 1, denoted as T, 
only on the separation: 
Certain p rope r t i e s  of t he  sepa ra t ion  T are needed: 
max (-T, 0) d 5 min (N - 5, N). 
I n  t h i s  no ta t ion ,  (B-2) becomes 
03-41 
where C may be c a l l e d  a c o r r e l a t i o n  func t ion;  C(0) = 2,  because 
r,(O) = r,(O) = 1. 
f o r  t he  var iance  i s  
I n  terms of t h i s  functi 'on C, the  expression (B-1) 
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because the  var iance is real-valued. 
of T given by (B-4 ) . ]  Simi lar ly ,  the covariance func t ion  f o r  t he  coef- 
f i c i e n t s  is 
[All summations are over the  range 
N N  
N 
n 
p = k - j ,  
because kj - j h  = ap - j7. 
gonal. 
t e r n  by term, invoking the or thogonal i ty  p rope r t i e s  of t r igonometr ic  
s e r i e s .  
This must 5 e  zero f o r  d -  and dk t o  be ortho- 
To determine whether such i s  t h e  case, (B-63 must be examined 
Since 
N 
m L exp ( i h  j p )  = 
j = O  ' N + l = v ,  
, 
p = 0. 
03-71 
The :as; sumLation i n  (B-6), over 2, i s ,  by definftion (B-4) ,  from 
IWX (-T,, 0) to ZCi3 (N - 2 ,  N ) ,  
p. It may be denoted a s  y ( ~ ,  p): 
and h e x e  depends 9r-1 z as  well as  on 
T = 0, 
O S a S  N; 0 
a 
T < 0,  
- T S & S  N. 
1 - exp ( - ih  PT) 
1 - exp (ihp) - 
Thus, y ( - ' t ,  p) = - y ( ' t ,  p).  In  the expression f o r  y ( z ,  p) when 't > 0, 
mul t ip l i ca t ion  of numerator and denominator by 1 - exp (-ihp) gives 
i '~)(l - e -ihp.c 
2 - 2 cos Ap 
l - e  
T > 0.  y ( ' t ,  P )  = ( (B-9) 
This i s  zero when p~ is an i n t e g r a l  mul t ip le  of v and is small f o r  5 
such t h a t  p~ is close t o  an i n t e g r a l  mu l t ip l e  of v.  
Next, the co r re l a t ion  funct ion C(T)  must be examined. It is. r e a l  
i f  and only i f  i t  is even, i . e .  , i f  ruv(-'t) = ruv(T).  I n  t h i s  case,  




The summand of equation (B-10) w i l l  not be l a r g e  s i n c e  IC(z) 1 5 C(0) = 2 
and tends t o  zero a s  .c becomes la rge .  The m u l t i p l i e r  s i n  ih't w i l l  have 
a dampening e f f e c t  f o r  the smaller  values  of T. 
Thus, E(djdc) apparent ly  is always small, a l though t h a t  it is 
iden t i ca l ly  zero f o r  a l l  T, a s  is requi red  f o r  complete or thogonal i ty ,  
has not  been proved. 
tinuous one. Thus, the quest ion of or thogonal i ty  may be analogous t o  t h e  
general  problem of the ex ten t  t o  which l a r g e  sample theory can be used 
f o r  small samples, o r  t o  which p rope r t i e s  of a continuous func t ion  can be 
appl ied t o  a d i s c r e t e  one. For the  present  purpose, t he  assumption of 
or thogonal i ty  seems reasonable.  
Actual ly ,  E(d.dc) 3 0 a s  N + 1 = 4 03, i . e . ,  a s  
more and more l eve l s  a r e  used and t 8l e d i s c r e t e  model approaches a con- 
28 
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